made with existing experimental data.
Hybrid-MCC-PIC Device Model
The axially symmetric model (z,r) is based on a combination of some of the general assumptions employed in an earlier one-dimensional model of Boeuf and Garrigues 3 , together with many of the ideas proposed by Fife. 2 A fluid description is used for the transport of the electrons, which are assumed to follow a Maxwellian velocity distribution. A particle approach is used for the heavy particles (ions and neutrals).
Under normal operating conditions of the SPT-100 (applied voltage of 300 V and a flow rate of 5 mg/s of xenon), the double charge ion current represents typically 10% of the total ion current, and so for this study, its influence is neglected. In the first part of this section, the particle approach for the heavy species is described. In the second part, the electron transport is described. Finally, the calculation of the magnetic field shape is discussed.
A. Particle Approach for Heavy Species

Ion transport
Since the ion mean free path is larger than the size of the thruster, the ions are assumed to be collisionless in the channel. Moreover, an estimate of the Larmor radius of the ions at the thruster exit (where the magnetic field strength is about 200 G and the ion velocity is about l.GxlO 4 m/s) gives a value of about 1 m. Thus it is reasonable to neglect the influence of the magnetic field on the ion transport.
The computational domain is divided into cells (typically 30x30 in the present calculations). Standard
Particle-In-Cell (PIC) 9 algorithms are employed that allow full control over the total number of particles in the domain through use of macro-particles. In each computational cell, a population of ion particles is created by the following source term due to the ionization:
S(r) = n e (r)n 0 (r)fci(r)
where n e is the electron density (set equal to the ion density using the assumption of quasineutrality), n a is the neutral atom density, fc; is the ionization rate, and r is the vector position. The initial velocity of the ions is sampled from a Maxwellian distribution function at a temperature of 1000 K. Then the equations of motion of the ions are integrated using a leap-frog scheme. The time step At is chosen small enough that high-energy ions stay in the same cell for several iterations during their transport.
All the trajectories of the sample of macro-particles are integrated until the ions arrive at the exit of the thruster, or return to the injector. Any ions reaching the walls or the surfaces below and above the injector are eliminated; new neutrals are created to take into account the recombination. The velocity of new neutral particles is also determined according to a Maxwellian distribution function with a temperature equal to that of the injector (1000 K). The ion density is calculated on the nodes of the grid by computing the weight of the macro-particles at the four corners of the cell occupied by each particle. With the assumption of quasineutrality, the plasma density is deduced directly from the ion density.
Neutral atom transport
The same macro-particle method is used for the neutral atoms as for the ion transport. The neutral particles are introduced into the computational domain at the injector. In most Hall thrusters, the neutral gas is injected into the channel through a number of holes uniformly distributed around the circumference of the anode. To introduce the mass flow rate uniformly, the number of apertures in the distributor can vary from a few tens to one hundred. To simplify the injection of neutral particles in the computation, a continuous annular opening is considered with an inner radius of 3.8 cm and an outer radius of 4.2 cm. The initial positions of the particles introduced at the injector is determined randomly, and their velocities are distributed with a half-Maxwellian distribution function based on a temperature of 1000 K. The trajectories of the neutrals are integrated in the same manner as for the ions with no electric force. All neutrals leaving the domain (across the exit and injector planes) are eliminated. A neutral macro-particle reaching the wall, or the plane below and above the injector, is scattered back into the domain. No energy losses are assumed on the wall. A Monte Carlo Collision (MCC) method 10 is used to take into account the loss of neutrals due to ionization. During the integration of the neutral trajectory, a probability of collision is calculated using
For the plasma of the SPT-100, the condition P « 1 always holds. An accept-reject method is used to decide if the neutral should be eliminated from the simulation due to ionization. The scheme used to compute the neutral density on the nodes of the grid is the same as that for the ions. The number of neutral macro-particles in the simulation fluctuates from 60,000 during periods of high current to 80,000 during periods of low current.
B. Fluid Description of Electron Transport
We are primarily interested in the time scales related to the heavy species, which are typically two or three orders of magnitude higher than the electron transport time scale. Thus, we consider the steady state fluid equations of electron transport.
Momentum Equation Along Magnetic Field Lines
Due to the configuration of the magnetic field, the electron transport is greater in the azimuthal direction (Hall current) than in the axial direction (drift diffusion due to collisions). The electron transport along magnetic field lines can be written as a balance between the pressure force and the electric force
where n e and T e are respectively the electron density and temperature, k is the Boltzmann constant, V is the electric potential and ry is the distance vector along the magnetic field lines. This assumption may be less valid in the anode region where the strength of the magnetic field is small. Assuming a constant electron temperature along the magnetic field lines, we obtain
The electric potential is constant along the magnetic field lines and relation (4) can be written as:
where V* is constant along a magnetic field line and n e $ is the reference electron density at the reference plasma potential VQ set to 0. Note that V* is sometimes referred to in the Russian literature as a thermalized potential. 11 The gradient of the magnetic stream function A is everywhere orthogonal to the magnetic field such that:
f-= ~rB z (66) or Equation (5) makes it possible to reduce the two-dimensional calculation of the electric field to a onedimensional problem.
Momentum Equation Across Magnetic Field Lines
For the electron momentum equation in the direction normal to the magnetic field lines, the electron current can be written as a sum of drift and diffusion terms assuming an isotropic pressure tensor (7) where E±, /z e ,j_, and D e ,± are the electric field, the electron mobility and the electron diffusion terms in the direction across the magnetic field, and rj_ is the distance vector normal to the magnetic field lines. The coefficients /z e ,_L and D St ± are linked by the Einstein relation
Me.J.
In the calculations, -^ is set to a constant corresponding to a mean value of the electron temperature in the anode region (in the first 5 mm) where the electron temperature profile is flat.
Differentiation of Eq. (6) in the direction normal to the magnetic field, using E = -VV and assuming that ^k is constant, we obtain:
CM
where B is the magnitude of the magnetic field. The electron mobility in the direction normal to the magnetic lines is assumed to be the classical collision mobility
where m is the electron mass, w c , e is the electron angular cyclotron frequency and v m is the total electron momentum exchange collision frequency. This collision frequency is the sum of a term due to electron-neutral collisions and a term due to electron-wall scattering. Electrons can diffuse across magnetic field lines due to collisions with neutrals and with the walls of the channel (which can play the same role as a collision with an atom: the so-called "near-wall conductivity"). (12) with k m =2.5 x 1(T 7 cm" 3 s"
1 .
The electron-wall collision frequency is assumed to be constant throughout the channel, and given by (v m }waiis =• oc w x 10 7 s~l where a w is a parameter. It was found in Ref. 3 that experimental values of current were reasonably well reproduced by the ID model for 0^=0.2, and the same value is again used here.
Continuity equation
The current conservation equation can be written as I T = I e + Ii (13) where I e is the electron current and Jj is the ion current. Note that in the model developed by Fife, 2 a near wall electron current is added to take into account the effect of secondary electron emission on the electron transport. Writing Eq. (13) in an integral form along the magnetic field line:
where u^± is the ion velocity normal to the B lines, and dl is a length of an element along the magnetic field line. The electric field can be deduced from the relation above in terms of the total current, the plasma density n p (=n e =nj), the ion normal velocity u^j. , the electron mobility /z e ,j_ and the magnetic field B 
E(X) =
J
Energy equation
The electron temperature is supposed constant along the magnetic field lines; thus a one-dimensional equation is used for the electron energy with variations in the axial direction only. The steady state energy equation can be written as follows:
where s e is the electron mean energy, v(e e ) is the total electron energy loss frequency, and E± is the mean radial value of the axial electric field. The thermal flux is approximated by
The total electron energy loss frequency v(e e ) depends on a term due to the inelastic electron-neutral collisions and a contribution due to the effect of the secondary electron emission by electron impact. The different inelastic collision terms are calculated assuming a Maxwellian distribution function for the electrons.
The secondary electron emission coefficient is higher than 1 for values of incident electrons energy around 20-30 eV. Electrons that have energy higher than this threshold lose energy extracting low energy electrons from the surface of the walls. This effect tends to limit the electron energy in the channel. An empirical formula used to describe the inelastic losses at the wall by high-energy electrons employed in the previous ID model is again used here:
where U is a parameter taken to be equal to 20 eV in the calculations, and a w is the same as above.
The electron energy equation is integrated by inverting a tridiagonal matrix and estimating the total electron energy loss frequency using the energy of the previous time step. The electron energy boundary conditions consist of fixing the electron mean energy in the exit plane at 10 eV and imposing a zero slope condition at the anode plane.
C. Magnetic Field Configuration
Here we follow an approach similar to that proposed by Fife. 
Hybrid-DSMC-PIC Plume Model
The Hall thruster plume model uses a steady, hybrid (fluid-particle) approach. Ions are tracked as particles using the Particle-In-Cell method. 9 The plasma potential is obtained by assuming quasi-neutrality allowing the total ion density to be equated to the electron density. By representing electrons as a fluid and further assuming that they are isothermal, collisionless, and un-magnetized, the Boltzmann relation is invoked:
\KJ. e J
where n e is the electron number density, n re / is a reference density where the potential 4> is zero, k is 
Hall thrusters are designed to provide optimum device performance. However, some of the magnetic field may leak out into the plume of the thruster. The amount of this leakage will depend strongly on the Hall thruster type and configuration.
Collisions involving heavy particles are simulated using the direct simulation Monte Carlo (DSMC) method. 13 This involves collecting groups of particles into cells that have sizes of the order of a mean free path. Pairs of these particles are then selected at random and a collision probability is evaluated for each pair that is proportional to the product of the pair's relative velocity and collision cross section. The probability is Charge exchange concerns the transfer of one or more electrons between an atom and an ion. In the present work, we use the cross section for Xe-Xe Coulomb interactions involve collisions between charged species (ion-ion, electron-ion, and electronelectron). These collisions have been neglected in Hall thruster plume modeling mainly because the cross sections are only significant for very small scattering angle interactions. This has been confirmed for xenon flow through an ion thruster in which the inclusion of Coulomb collisions in a PIC-DSMC model were found to have no effect on the computed properties. 16 
Results
As mentioned earlier, we have chosen to study the SPT-100 Hall thruster mainly because of the availability of a significant amount of experimental data for this device. However, it is important to state clearly what is meant here by the SPT-100. Development of this thruster continues in several countries. The general dimensions of these SPT-100 thrusters are similar. We consider the acceleration channel to have a length of 25 mm and be defined between diameters of 60 and 100 mm. Unfortunately, the magnetic field configurations of different SPT-100's are not the same, and in some cases their acceleration channel wall materials are different. In all cases, the magnetic field configuration is withheld for proprietary reasons. This makes our modeling activity difficult. We have chosen a relatively simple magnetic configuration that we believe to be representative of that found in a real device. However, the hybrid-MCC-PIC results are very sensitive to the magnetic field employed and we do not claim to make an exact comparison between the model and the measured data for the same thruster. The radial magnetic field configuration employed in the results presented in this study is shown in Fig. 1 and was computed using the procedure outlined earlier. It is expected that the field in a real SPT-100 would have more curvature and less symmetry about the channel center line. In some ways, the field we have assumed is likely to give enhanced performance in comparison to the fields achieved in real devices.
Using the magnetic field shown in Fig. 1 , the unsteady hybrid-MCC-PIC results for the flow will be first presented and discussed. Time-averaged velocity distribution functions in the thruster exit plane obtained from these calculations form the input for the hybrid-DSMC-PIC model of the plume.
Hall Thruster Device
The standard operational conditions considered are a mass flow rate of 5 mg/s, an applied voltage of 300 V, and a total current of 4. show a minimum at the time when the plasma density is a maximum. The explanation offered by Boeuf and Garrigues 3 for the oscillations in the Hall thruster involves a breathing mechanism in which the neutral atoms are consumed by ionization until they reach a critically low level. Then, until they are replenished, the ionization, and hence the current is reduced. The present results support this explanation, although it is difficult to see, and the correlation between the ion density and the neutral density is much weaker in our two-dimensional results than those obtained in the prior one-dimensional investigation. The time-averaged thrust as a function of applied voltage obtained from the model is shown in Fig. 7 where comparison to measured performance 18 is included. The code over predicts the thrust by about 10% in Fig. 7 . The neutral velocity is close to the sonic speed for a temperature of 1000 K. The radial velocity profiles are shown in Fig. 9c . There is a small degree of asymmetry in the profiles with a larger peak velocity magnitude above the centerline of the channel. The decrease in the magnitude of the radial velocity at each of the walls is a result of the electric fields there approaching zero. These fields are determined by the pressure gradients along the magnetic field lines and these gradients become close to zero at the walls.
Future studies will consider the effect of including a sheath model along the walls. Taking the peak axial and radial velocities gives an expected beam divergence angle of about 7.5°. This is smaller than the values of 10-20° that were assumed in previous Hall thruster plume computations. 
Hall Thruster Plume
The hybrid-DSMC-PIC computation is performed in a computational domain that extends 1. Contours of ion density computed in the plume are shown in Fig. 10 . The thruster exit plane has an axial coordinate of zero. These contours show the expected behavior with a rapid decrease in plasma density away from the axis.
The radial component of the ion velocity at 11 mm from the thruster exit is shown in Fig. 11 . 
